Although questions about Eulerian circuits, paths, and covering edges by edge disjoint paths are easily answered for graphs or directed graphs, they are not easily answered if some edges are directed and others are not. We give necessary and sufficient conditions for an Eulerian path or circuit, and a necessary and sufficient condition for covering the edges by n edge disjoint paths when every vertex has even degree. (~)
Introduction
In this paper we consider graphs that can contain both directed and undirected edges. Such graphs will be called partially directed graphs. The degree of a vertex of a partially directed graph is the number of edges meeting it. A path is a path in the underlying undirected graph such that it may be traversed in such a way that one traverses each directed edge in the direction of that edge. The problem of determining whether a graph, or a directed graph has an Eulerian circuit is an old problem that is easily solved by considering local conditions. The question of how many edge disjoint paths are necessary to cover a graph is also simply solved by looking at local conditions. Surprisingly, local conditions do not answer these questions when the graph is partially directed.
For an induced subgraph H of G we define the edges of attachment to be the edges with exactly one vertex in H. We define H + to be the number of edges of attachment that are directed out of H, H-to be the number directed into H, and H ° to be the D.W. Barnette, S. Gillett/ Discrete Mathematics 195 (1999) [239] [240] [241] [242] [243] number that are undirected. We shall say that an induced subgraph is even (odd) if and only if it has an even (odd) number of edges of attachment.
If an Eulerian cycle existed in a partially directed graph, then at each vertex and for each induced subgraph, the number of undirected edges must be such that one could direct them so that there are the same number of edges out as in. Thus we introduce the notion of deficiency as a measure of how close this set of edges comes to having this property. 
Definition. The deficiency D(H) of an induced subgraph H is

Lemma 1. If every vertex of G is even, and H is a subgraph all of whose vertices have positive deficiency then D(H) >>, ~ (H).
The most natural local condition that one might expect would guarantee an Eulerian circuit would be that the deficiency be 0 at each vertex. The following example shows that this local condition, although necessary, does not guarantee an Eulerian circuit.
Covering with paths
We begin with some simple observations about deficiency. We note
that if H +-H--H ° =0, then H is even, thus H + -H--H°~> 0 implies that D(H)=H + -H--H °. We observe that if D(H)~>2, then D(H)=H + -H--H °. We also note that if
we take an undirected edge of attachment of H and direct it away from H, and if the result changes D(H) to a number ~>2, then D(H) (before directing the edge) is 
Lemma 2. An induced subgraph H of a graph G is odd if and only if it contains an odd number of odd vertices.
Proof. If we add the degrees of the vertices in H then each edge in H gets counted twice while each edge of attachment is counted exactly once. Thus, the parity of the set of edges of attachment is the same as the parity of the set of odd vertices. []
Lemma 3. Let G be a graph with exactly two odd vertices x and y. Let A and B be two induced subgraphs and let I be the subgraph induced by the vertices of A A B. Then it is not possible for A and B to be even, and I to be odd.
Proof. If I is odd, then by Lemma 2, it contains exactly one odd vertex, say x. If A is even then A -1 contains y. Now B contains x but not y, and B is not even. [] If every vertex of any graph G is even, then any Eulerian path is also an Eulerian Circuit because the evenness of each vertex forces the path to end where it begins. If G has more than two odd vertices, then G has no Eulerian path because each odd vertex must be the end of a path. Thus we begin by considering the case of exactly two odd vertices. Proof. We shall direct the undirected edges one at a time until we have a directed graph. We will do this in such a way that at each step the property of ID(H)I ~<1 holds for every induced subgraph. 
D. I4( Barnette, S. Gillett/ Discrete Mathematics 195 (1999) 239-243
Suppose that at some step there is an undirected edge e such that directing it in either direction creates an induced subgraph for which our inequality does not hold. We note that whenever H has at least one directed edge of attachment, We note that Lemma 3 does not hold if there are more than two odd vertices and thus the above argument cannot be extended to get a necessary and sufficient condition for the graph to be covered by n edge disjoint paths. It is not clear to the authors what the necessary and sufficient conditions are in the general case. The following graph shows that looking at deficiencies of vertices is not sufficient. Three paths are necessary to cover, yet the deficiencies lie between 2 and -2.
D(H)= -D(H*)
We can, however, extend Theorem 3 in the case where every vertex is even.
Theorem 4. If every vertex of G is even, and G is a connected part&lly directed graph, then the edges of G can be covered by at most n edge disjoint paths if and only if for every induced subgraph H, [D(H)[ ~n. The edges of G can be covered by an Eulerian circuit if and only if D(H)= 0 for each induced subgraph.
Proof. We direct undirected edges one at a time until G is a directed graph, doing so in such a way that ID(H)[ <~n at each step.
Suppose that at some step an edge e cannot be directed. We note that when an induced subgraph is even, then its deficiency is even, and that directing an undirected edge of attachment changes the deficiency by 0 or + 2. Then as in 
D(U)<~n.
When we have directed all of the edges we have a graph such that ~'~(G)<~n, because if not, then by Lemma 1, the subgraph, induced by the vertices of positive deficiency would have deficiency greater than n. Now by Theorem 2, we can cover by at most n paths. For the argument in the other direction, we note that if we have covered the graph by n paths, then the number of paths out of an induced subgraph minus the number in cannot differ from the number of paths using undirected edges of attachment by more than n.
We note that this argument shows that if every vertex is even and D(H) = 0 for all induced subgraphs H, then the undirected edges of G can be directed to produce a directed graph where every vertex has the same number of edges in as out, and thus has an Eulerian circuit. []
